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PALEY–WIENER THEOREMS
FOR THE U(n)–SPHERICAL TRANSFORM
ON THE HEISENBERG GROUP
FRANCESCA ASTENGO, BIANCA DI BLASIO, FULVIO RICCI
Abstract. We prove several Paley–Wiener-type theorems related to the spherical trans-
form on the Gelfand pair
(
Hn⋊U(n),U(n)
)
, where Hn is the 2n+1-dimensional Heisenberg
group.
Adopting the standard realization of the Gelfand spectrum as the Heisenberg fan in R2, we
prove that spherical transforms of U(n)–invariant functions and distributions with compact
support in Hn admit unique entire extensions to C
2, and we find real-variable characteriza-
tions of such transforms. Next, we characterize the inverse spherical transforms of compactly
supported functions and distributions on the fan, giving analogous characterizations.
1. Introduction
The spherical transform for the Gelfand pair
(
Hn ⋊ U(n),U(n)
)
maps U(n)–invariant
functions, i.e. radial functions, on the Heisenberg group Hn to functions on the Heisenberg
fan Σ, which is naturally realized as a closed subset of R2, the Heisenberg fan defined in
(3.4). In [4, 5] we have studied the image of the space Srad(Hn) of radial Schwartz functions,
showing that it consists of the restrictions to Σ of Schwartz functions on R2.
In this paper we first use this result to extend the notion of spherical transform to tem-
pered radial distributions, identifying such transforms as the distributions on R2 which are
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“synthetizable” on Σ, i.e., vanish on functions which are identically zero on the fan. Then
we prove Paley–Wiener type theorems for the spherical transform G and its inverse.
The natural starting point for establishing Paley-Wiener theorems for G is the fact that,
when f has compact support, its spherical transform Gf can be extended from the set
of bounded spherical functions (the Gelfand spectrum) to the set of all spherical functions.
Spherical functions are parametrized by the pairs (ξ, λ) ∈ C2 of their eigenvalues with respect
to the two fundamental differential operators, L (the sublaplacian) and i−1T (the central
derivative). Moreover, the spherical function Φξ,λ with eigenvalues (ξ, λ) ∈ C
2 depends
holomorphically on (ξ, λ). This allows to extend the spherical transform of a function or
distribution with compact support to an entire function on C2.
Symmetrically, each spherical function Φξ,λ extends to an entire function on the complex-
ification HCn of Hn, and the inversion formula shows that if Gf has compact support in the
Gelfand spectrum, then the function itself extends to an entire function on HCn .
It does not look plausible to have a simple “complex variable” description of the entire
functions which are in the range of the spherical, or inverse spherical, transform of the
space of C∞-functions, or of distributions, with compact support, see also the comments in
Fuhr [16], in a context that is closely related to ours.
We rather look for analogues of the “real variable” characterization of the classical Paley-
Wiener spaces in Rn, in the spirit of the works of Bang [7] and Tuan [25], later expanded
and refined by Andersen and deJeu [1]. We take the following as our model statement [1]:
a function f on Rn is the Fourier transform of a C∞ function with compact support if and
only if it is a Schwartz function and, for some p ∈ [1,∞],
(1.1) lim sup
k→∞
‖∆kf‖
1
k
p <∞ .
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In this case, the left-hand side is finite for every p, the “lim sup” is a limit and, for every
p ∈ [1,∞],
lim
k→∞
‖∆kf‖
1
k
p = max
x∈suppF−1f
|x|2 .
When restricted to radial functions, this theorem can be reformulated in terms of the
spherical transform G for the Gelfand pair (Rn ⋊ SOn, SOn), given by Gf(λ) = fˆ(ξ) with
|ξ|2 = λ ≥ 0. Then we have two different statements, depending on the side of the Fourier
transform it is applied on:
(i) a function g on the Gelfand spectrum [0,+∞) is the spherical transform of a radial
C∞ function on Rn with compact support if and only if it is a Schwartz function and,
for some p ∈ [1,∞],
lim sup
k→∞
‖g(k)‖
1
k
p <∞ ;
in this case, for every p ∈ [1,∞],
lim
k→∞
‖g(k)‖
1
k
p = max
x∈suppG−1g
|x|2 .
(ii) a radial function f on Rn is the inverse spherical transform of a C∞ function with
compact support in [0,+∞) if and only if it is a Schwartz function and (1.1) holds
for some p ∈ [1,∞]; in this case, for every p ∈ [1,∞],
lim
k→∞
‖∆kf‖
1
k
p = max
λ∈suppGf
λ .
We regard (i) as a Paley-Wiener theorem for the (direct) spherical transform, and (ii) as
a Paley-Wiener theorem for the inverse spherical transform.
Possible analogues of (i) and (ii) for the pair
(
Hn⋊U(n),U(n)
)
rely on the identification,
for each direction, of a differential operator on one side of the spherical transforms and the
corresponding “norm” on the other side.
Our results are related to the following choices:
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(i’) the difference/differential operators M± of Benson, Jenkins and Ratcliff [8] on Σ and
the Kora´nyi norm (2.2) on Hn;
(ii’) the sublaplacian on Hn and its eigenvalue ξ on Σ.
We first prove real Paley-Wiener theorems for the direct spherical transform, i.e. analogues
of (i) with the ingredients in (i’). We treat the cases of C∞ and L2 functions and of tempered
distributions. These characterizations are summarized in Therorem 7.1, Corollary 7.7 and
Theorem 7.8.
We also remark that the (unique) entire extension of the transform of a function in
Drad(Hn) needs not be Schwartz on R
2. This shows that, in general, the Schwartz extensions
to R2 constructed in [5] are different from the entire extension discussed here.
In the second part of the paper, we show that, given a distribution U on R2 with com-
pact support , the inversion formula for the spherical transform produces a function on the
Heisenberg group Hn ≃ R
2n+1 which can be analytically extended to C2n+1. If the distri-
bution U is synthetizable on Σ, the function so obtained on Hn coincides with its inverse
spherical transform. For such distributions U , we obtain a real Paley-Wiener analogue of (ii)
with the ingredients in (ii’). A similar theorem is also proved for functions on Σ which are
either restrictions of C∞ functions or are square integrable with respect to the Plancherel
measure. Our characterizations are summarized in Therorem 8.4, Theorem 8.7 and Theo-
rem 8.9. These results can be interpreted as a “real” spectral Paley-Wiener theorems for the
spectral measure of the sublaplacian, a point of view which coincides with that of [16].
There is a wide literature on Paley–Wiener theorems on the Heisenberg group. The
earliest result is due to Ando [2], followed by Thangavelu [21, 22, 23], Arnal and Ludwig [3],
Narayanan and Thangavelu [19]. Results are mostly related to the group (operator-valued)
Fourier transform and its inverse, but there are also “spectral” Paley–Wiener theorems, as in
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the already mentioned paper [16], where the condition of compact support on the transform
of a given function is replaced by the condition that the function itself belongs to the image
of the spectral measure of a compact set in R+ associated to the sublaplacian (see also
Strichartz [20], Bray [10], and Dann and O´lafsson [12] in other contexts).
Our paper is organized as follows. In Section 2 we introduce the basic notation. In Sec-
tion 3 we treat spherical functions noting that they can be extended to holomorphic functions
in each variable and providing some easy estimates. Section 4 and Section 5 deal with the
spherical transform of radial functions and radial tempered distributions, respectively. In
Section 6 we prove some properties of the operatorsM± first introduced in [8]. These are ex-
ploited in Sections 7 and 8 to obtain real Paley–Wiener theorems for the spherical transform
and its inverse, respectively.
2. Notation
We denote by Hn the Heisenberg group, i.e., the real manifold C
n ×R equipped with the
group law
(z, t)(w, u) =
(
z + w, t+ u+ 1
2
Im 〈w|z〉
)
∀z, w ∈ Cn, t, u ∈ R,
where 〈·|·〉 denotes the Hermitian innner product in Cn.
It is easy to check that the Lebesgue measure dm = dz dt is a Haar measure on Hn.
We denote by T , Zj and Z¯j , where j = 1, . . . , n, the left-invariant vector fields
Zj = ∂zj −
i
4
z¯j ∂t Z¯j = ∂z¯j +
i
4
zj ∂t, T = ∂t .
The only nontrivial brackets are T = −2i [Zj , Z¯j].
The operators Zj and Z¯j are homogeneous of degree 1 while T is homogeneous of degree 2
with respect to the anisotropic dilations r · (z, t) = (rz, r2t), where r > 0 and (z, t) ∈ Hn.
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Let I = (i1, . . . , i2n+1) be in N
2n+1; we denote by DI a differential operator of homogeneous
degree deg I = i1 + · · ·+ i2n + 2i2n+1 of the form
(2.1) DI = Z i11 Z¯
i2
1 · · ·Z
i2n−1
n Z¯
i2n
n T
i2n+1 .
The monomials DI with deg I = j form a basis of the space of all left-invariant differential
operators on Hn which are homogeneous of degree j.
We write S(Hn) for the Schwartz space of functions on Hn, i.e., the space of infinitely
differentiable functions f on Hn such that all partial derivatives D
If of f are rapidly de-
creasing. The Schwartz space is equipped with the following family of norms, parametrized
by a nonnegative integer p:
‖f‖(p) = sup
(z,t)∈Hn
{(1 + |(z, t)|)p |DIf(z, t)| : deg I ≤ p} ,
where
(2.2) |(z, t)| =
(
|z|4
16
+ t2
)1/4
.
We also define A as
A(z, t) =
|z|2
4
+ it ∀(z, t) ∈ Hn,
so that |A(z, t)| = |(z, t)|2.
3. Spherical functions
The unitary group U(n) acts on Hn via
k · (z, t) = (kz, t) ∀(z, t) ∈ Hn, k ∈ U(n).
This action induces an action on functions f on Hn by the formula
k · f(z, t) = f(k−1z, t) ∀k ∈ U(n), (z, t) ∈ Hn.
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We note that a function f on Hn is U(n)–invariant if and only if it depends only on |z|
and t , therefore we shall call it radial. We denote by Srad(Hn) the space of radial Schwartz
functions.
Denote by G the semidirect product Hn ⋊ U(n). We may identify the space of smooth
bi-U(n)–invariant functions D(G//U(n)) with the algebra Drad(Hn) of smooth radial func-
tions on Hn with compact support. It is known [17, 11] that (G,U(n)) is a Gelfand pair,
i.e., Drad(Hn) is a commutative algebra. We may also identify the commutative algebra
D(G/U(n)) of G–invariant differential operators on G/U(n) with the algebra Drad of all
left-invariant and U(n)–invariant differential operators on Hn, which has two essentially
self-adjoint generators, namely i−1T and the sublaplacian
L = −2
n∑
j=1
(
ZjZ¯j + Z¯jZj
)
.
The spherical functions are characterized as the joint eigenfunctions of all G–invariant
differential operators on G/U(n), i.e., as the radial eigenfunctions of i−1T and L, normalized
to take value 1 at identity. Spherical functions are analytic and are uniquely determined by
the pair of their eigenvalues relative to L and i−1T respectively.
The next subsection shows that the spherical function Φξ,λ exists for every pair (ξ, λ) of
eigenvalues and that depends holomorphically on variables and parameters.
3.1. Holomorphy of spherical functions. We initially consider real eigenvalues ξ and λ
and look for a radial solution of the system
(3.1)

Lu = ξ u
Tu = iλ u
u(0, 0) = 1 .
8 F. ASTENGO, B. DI BLASIO, F. RICCI
Following [18], for λ 6= 0 we write the solution in the form
u(z, t) = eiλt e−λ|z|
2/4 v(λ|z|2/2),
obtaining that v satisfies the confluent hypergeometric differential equation
(3.2) s v′′(s) + (c− s)v′(s)− a v(s) = 0
with parameters a = n
2
− ξ
2λ
, c = n. The normalized solution of (3.2) is the confluent
hypergeometric function
1F1(a, c; s) = 1 +
a
c
s+
a(a + 1)
c(c + 1)
s2
2!
+ · · · =
∞∑
k=0
(a)k
(c)k
sk
k!
,
where (a)0 = 1, (a)k = Γ(a+ k)/Γ(a), so that for real λ 6= 0
u(z, t) = eiλt e−λ|z|
2/4
1F1(
n
2
− ξ
2λ
, n;λ|z|2/2) .
When λ = 0 and ξ is real, a similar procedure shows that
u(z, t) =
∞∑
k=0
(−1)k
(n)k
(ξ|z|2/4)k
k!
= Jn−1(ξ|z|
2/4) ∀(z, t) ∈ Hn,
where
Jβ(s) =
+∞∑
k=0
(−s)k
k! (β + 1)k
∀s ∈ C.
Note that Jβ(u) =
(u/2)β
β!
Jβ
(
u2/4
)
is the Bessel function of the first kind of order β.
Therefore for every pair of real numbers ξ and λ we have the spherical function
Φξ,λ(z, t) =

eiλt e−λ|z|
2/4
1F1
(
n
2
− ξ
2λ
, n; λ|z|
2
2
)
λ 6= 0
Jn−1(ξ|z|
2/4) λ = 0
∀(z, t) ∈ Hn.
We now verify that λ 7−→ Φξ,λ(z, t) is regular in λ = 0. Indeed, something more holds.
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Lemma 3.1. The function (x, y, t, ξ, λ) 7−→ Φξ,λ(x+iy, t) extends to a holomorphic function
on C2n+3.
Proof. Note that when λ 6= 0, z = x+ iy,
1F1
(
nλ− ξ
2λ
, n;
λ|z|2
2
)
=
∞∑
k=0
(
nλ−ξ
2λ
)
k
(n)k k!
(
λ|z|2
2
)k
= 1 +
∞∑
k=1
(x2 + y2)k
(n)k k! 4k
k−1∏
d=0
(λ(2d+ n)− ξ) ,
so that for all (ξ, λ, x, y, t) the function
(3.3) Φξ,λ(x+ iy, t) = e
iλt e−λ(x
2+y2)/4
(
1 +
∞∑
k=1
(x2 + y2)k
(n)k k! 4k
k−1∏
d=0
(λ(2d+ n)− ξ)
)
is a series of entire functions converging uniformly on compact sets. 
By analytic continuation, Φξ,λ is the spherical function for every (ξ, λ) ∈ C
2.
3.2. Bounded spherical functions. The Gelfand spectrum of the Banach algebra L1rad(Hn)
of radial integrable functions is given by the set of normalized bounded spherical functions,
equipped with the compact open topology. We recall [18] that Φξ,λ is bounded on Hn if and
only if (ξ, λ) belongs to the so called Heisenberg fan given by
(3.4) Σ = Σ∗ ∪
{
(ξ, 0) ∈ R2 : ξ ≥ 0
}
,
where
Σ∗ =
{
(ξ, λ) ∈ R2 : λ 6= 0 , ξ = |λ|(2j + n) , j ∈ N
}
.
It is known that Σ is homeomorphic to the Gelfand spectrum [14, 9].
When (ξ, λ) is in Σ∗, the spherical function Φξ,λ can be written in terms of Laguerre
polynomials, which is the form that we usually find in literature. Indeed, the relation (see
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[13, p. 253, formula (7)]
(3.5) 1F1(a, n; x) = e
x
1F1(n− a, n;−x),
implies that
Φξ,λ(z, 0) = Φξ,|λ|(z, 0) = e
−|λ||z|2/4
1F1
(
n
2
−
ξ
2|λ|
, n;
|λ||z|2
2
)
and when ξ = |λ|(2j+n) the hypergeometric function in the previous formula coincides with
the normalized jth Laguerre polynomial of order n− 1, i.e.,
1F1
(
−j, n;
|λ||z|2
2
)
=
1(
j+n−1
j
) j∑
k=0
(
j + β
j − k
)
(− |λ||z|
2
2
)k
k!
.
3.3. Estimates of derivatives of spherical functions. In this subsection we exploit
the fact that the bounded spherical functions {Φξ,λ}(ξ,λ)∈Σ are averages of coefficients of
irreducible unitary representations of Hn to give some estimates that we shall need in the
sequel. Referring to the Bargmann-Fock model of the irreducible representations πλ of
Hn associated to the character e
iλt on the center, we represent the operators πλ(z, t) as
matrices
(
πλj,k(z, t)
)
j,k∈Nn
in the basis of normalized monomials (for more details see the
monographs [15] or [24]). Then the bounded spherical functions can be written as averages
of diagonal entries of this matrix according to the rule
(3.6) Φξ,λ =
1(
j+n−1
j
) ∑
|j|=j
πλj,j,
where ξ = |λ|(2j + n) and |j| = j1 + . . .+ jn for j = (j1, . . . , jn) ∈ N
n.
Lemma 3.2. Let DI be a differential operator of homogeneous degree deg I = α as in (2.1).
Then
|DIΦξ,λ(z, t)| ≤ Cα (1 + ξ)
α/2 ∀(ξ, λ) ∈ Σ, (z, t) ∈ Hn.
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Proof. Let λ 6= 0. Here and afterwards, if any component of the multiindeces j or k is
negative, then πλj,k = 0. Since the representations are unitary, |π
λ
j,k| ≤ 1 and it is easy to
check that
Ziπ
λ
j,k =

−
√
kiλ
2
πλj,k−ei λ > 0√
(ki+1)|λ|
2
πλj,k+ei λ < 0
Z¯iπ
λ
j,k =

√
(ki+1)λ
2
πλj,k+ei λ > 0
−
√
ki|λ|
2
πλj,k−ei λ < 0
and Tπλj,j = i λ π
λ
j,j. Here ei is the multiindex with just the i
th component equal to 1.
Suppose that (ξ, λ) is in Σ∗, with ξ = |λ|(2|j| + n). Then if DI = ZkZ¯hT s with deg I =
α = |k|+ |h|+ 2s we have
|DIπλj,j| = |λ|
s |ZkZ¯hπλj,j|
= |λ|s

√∏n
i=1
∏hi
ℓ=1
λ
2
(ji + ℓ)
√∏n
i=1
∏ki
ℓ=1
λ
2
(ji + hi + 1− ℓ) |π
λ
j,j+h−k| λ > 0√∏n
i=1
∏hi
ℓ=1
|λ|
2
(ji + 1− ℓ)
√∏n
i=1
∏ki
ℓ=1
|λ|
2
(ji − hi + ℓ) |π
λ
j,j−h+k| λ < 0
≤ C |λ|s
√
|λ||h|+|k|(|j|+ |h|)|h| (|j|+ |h|+ |k|)|k|
≤ Cα (1 + ξ)
α/2.
Here we have used the fact that in Σ∗ we have ξ = |λ|(2|j| + n) ≥ |λ|. By (3.6) the thesis
follows on Σ∗, and by continuity the same estimates hold on Σ, thus proving the lemma. 
4. Spherical transform
As usual, we denote by 〈·, ·〉Hn the dual pairing on Hn and we shall also write
〈f, g〉Hn =
∫
Hn
f(z, t) g(z, t) dz dt, ∀f, g ∈ S(Hn).
Given a measurable function f on Hn we denote by fˇ the function defined by fˇ(x) = f(x
−1)
for every x in Hn.
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4.1. Definitions and main facts. Let f be in L1rad(Hn). We define its spherical trans-
form Gf by
Gf(ξ, λ) =
∫
Hn
f(x) Φξ,λ(x
−1) dx = 〈f, Φˇξ,λ〉Hn ∀(ξ, λ) ∈ Σ.
Then Gf is a continuous function on Σ.
The inversion formula for a function f in Srad(Hn) is
f(x) =
∫
Σ
Gf(ξ, λ) Φξ,λ(x) dµ(ξ, λ) ∀x ∈ Hn,
where µ is the Plancherel measure defined by∫
Σ
ψ dµ =
1
(2π)n+1
∫
R
∞∑
j=0
(
j + n− 1
j
)
ψ(|λ|(2j + n), λ) |λ|n dλ ∀ψ ∈ Cc(Σ).
It is easy to check that the function (ξ, λ) 7→ (1 + ξ)−(n+2) is in L1(Σ), so
(4.1) ‖ψ‖L1(Σ) ≤ C ‖(1 + |ξ|)
n+2ψ‖L∞(R2) ∀ψ ∈ S(R
2).
As in [4], we denote by S(Σ) the space of restrictions to Σ of Schwartz functions on R2,
endowed with the quotient topology S(R2)/ {φ : φ|Σ = 0}. For radial Schwartz functions on
Hn, we have proved the following result.
Theorem 4.1. [4, Corollary 1.2] The spherical transform is a topological isomorphism be-
tween the spaces Srad(Hn) and S(Σ).
On the other hand, Lemma 3.1 implies that when f is compactly supported we can regard
Gf as a function on C2.
Proposition 4.2. If f is in Drad(Hn) then Gf extends to the holomorphic function F on
C2 given by the rule
F (ξ, λ) = 〈f, Φˇξ,λ〉Hn ∀(ξ, λ) ∈ C
2.
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4.2. Holomorphic versus Schwartz extensions. Given f in Drad(Hn), we have found
two ways of extending its spherical transform Gf to a smooth function on R2. Namely,
by Theorem 4.1, there exists a Schwartz function G on R2 such that G|Σ = Gf , and by
Proposition 4.2 the function F is the holomorphic extension of Gf to C2. SoG|Σ = F |Σ = Gf .
We observe that any two entire functions on C2, which coincide on Σ, are everywhere
equal, so F is the unique continuation of Gf to an entire function on C2.
A question arises naturally: if f is in Drad(Hn), is it true that F , when restricted to real
values of (ξ, λ), is a Schwartz function on R2?
In the rest of this subsection we show that the answer can be negative.
Let f be a function of the form
f(z, t) = g(z)⊗ h(t) ∀(z, t) ∈ Hn
where h is even and compactly supported and g is nonpositive and supported in 1 < |z| < 4,
equal to −1 when 2 < |z| < 3.
Let Fh be the Euclidean Fourier transform of h. We now show that the function λ ≥ 0 7→
|Fh(λ)| eλ/2 is not bounded. Indeed, since h is even, if it were bounded, then for every b,
0 ≤ b < 1/2, the function λ 7→ eb|λ|Fh(λ) would be in L2(R). By the Paley–Wiener Theorem
for the Euclidean transform h = F2h would continue analytically to {w : |Im (w)| < 1/2},
but this cannot be true since h has compact support. Therefore the function λ ≥ 0 7→
|Fh(λ)| eλ/2 is not bounded.
Now, if (ξ, λ) ∈ R2 7→ F (ξ, λ) were rapidly decreasing, then the same would hold true for
the function λ 7→ F ((n+ 1)λ, λ). Note that when λ > 0
F ((n+ 1)λ, λ) = Fh(λ)
∫
1<|z|<4
g(z) e−λ|z|
2/4
1F1(−
1
2
, n, λ|z|2/2) dz.
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Moreover 1F1(−
1
2
, n, x) ≤ 0 when x ≥ 2n and by the estimate (see [13, p. 27, formula (3)])
1F1(a, n; x) =
Γ(n)
Γ(a)
ex xa−n(1 +O(x−1)), Re (x)→∞, a 6= 0,−1,−2, . . . ,
when λ→ +∞ we obtain
|F ((n+ 1)λ, λ)| = |Fh(λ)|
∫
1<|z|<4
g(z) e−λ|z|
2/4
1F1(−
1
2
, n, λ|z|2/2) dz
≥ C |Fh(λ)|
∫
2<|z|<3
e−λ|z|
2/4 eλ|z|
2/2 (λ|z|2/2)−1/2−n dz
≥ C |Fh(λ)| eλ/2,
so the function λ 7→ F ((n+ 1)λ, λ) is not bounded.
5. The spherical transform of radial tempered distributions
As usual, we denote by 〈·, ·〉R2 the dual pairing on R
2 and we also write
〈ϕ, ψ〉R2 =
∫
R2
ϕ(x)ψ(x) dx ∀ϕ, ψ ∈ S(R2).
Let Π : S(Hn) −→ S(Hn) be the averaging projector defined by
Πf =
∫
U(n)
f ◦ k dk ∀f ∈ S(Hn).
Then the Schwartz space on Hn decomposes into the direct sum S(Hn) = Srad(Hn)⊕ ker Π
so that Srad(Hn) is isomorphic to the quotient space S(Hn)/ kerΠ. It follows that the dual
space
(
Srad(Hn)
)′
is isomorphic to the subspace S ′rad(Hn) of S
′(Hn) consisting of all tempered
distributions Λ on Hn such that
〈Λ, f〉Hn = 0 ∀ f ∈ kerΠ.
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On the other hand the dual space of S(Σ) is naturally isomorphic to the subspace S ′0(Σ) of
S ′(R2) consisting of all tempered distributions U on R2 such that
〈U, g〉R2 = 0 , ∀ g ∈ S(R
2) such that g = 0 on Σ .
We note that the Plancherel formula can be written as
〈f, g〉Hn = 〈Gf µ,Gg〉R2 = 〈Gf µ,Ggˇ〉R2 ∀f, g ∈ Srad(Hn).
Therefore we are led to define the spherical transform of a radial tempered distribution Λ
on Hn as the distribution GΛ in S
′(R2) given by
(5.1) 〈GΛ, ϕ〉R2 = 〈Λ, (G
−1ϕ|Σ)
ˇ〉Hn ∀ϕ ∈ S(R
2).
Clearly, if Λ is in S ′rad(Hn), then for every function ϕ in S(R
2) such that ϕ = 0 on Σ we
have 〈GΛ, ϕ〉R2 = 〈Λ, (G
−1ϕ|Σ)
ˇ〉Hn = 0, i.e., GΛ is in S
′
0(Σ). We recall that we have denoted
by m the Lebesgue measure on Hn. If f is a radial function in L
1 ∩ L2(Hn), then fm is in
S ′rad(Hn) and G(fm) = (Gf)µ where Gf has been defined in Subsection 4.1, so formula (5.1)
provides an extension of the usual spherical transform.
Moreover it is easy to verify that G(LjΛ) = ξj GΛ for every Λ in S ′rad(Hn).
With this notation Theorem 4.1 extends to radial tempered distributions in the following
form.
Corollary 5.1. The spherical transform G is a topological isomorphism between the spaces
S ′rad(Hn) and S
′
0(Σ).
We now study the behavior of the spherical transform of radial compactly supported
distributions.
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Proposition 5.2. Let Λ be a radial compactly supported distribution on Hn. Then
(5.2) Λ̂ : (ξ, λ) 7−→ 〈Λ, Φˇξ,λ〉Hn
is a holomorphic function on C2. Moreover Λ̂µ is in S ′0(Σ) and
GΛ = Λ̂µ ,
i.e., GΛ coincides with the function Λ̂.
Proof. Using Lemma 3.1 it is easy to prove that Λ̂ is entire. For the second part, we first
check that for every ψ in S(R2), the integral
∫
Σ
Λ̂ψ dµ is absolutely convergent, and therefore
Λ̂µ is in S ′0(Σ). Indeed, if (ξ, λ) =
(
|λ|(2j + n), λ
)
is in Σ∗, for some m in N
|Λ̂(ξ, λ)| = |〈Λ, Φˇξ,λ〉Hn | ≤ C
∥∥Φˇξ,λ ∥∥Cm(K) ,
where K = suppΛ ⊂ Σ. By Lemma 3.2, the function Λ̂ is slowly growing on Σ and so for
every ψ in S(R2), the integral
∫
Σ
Λ̂ψ dµ is absolutely convergent.
When g is in S(R2),
〈Λ̂µ, ψ〉R2 =
∫
Σ
Λ̂(ξ, λ)ψ(ξ, λ) dµ
=
1
(2π)n+1
∫
R
∞∑
j=0
(
j + n− 1
j
)
Λ̂
(
|λ|(2j + n), λ
)
ψ
(
|λ|(2j + n), λ
)
|λ|n dλ
= lim
N→∞
1
(2π)n+1
∫ N
−N
N∑
j=0
(
j + n− 1
j
)
Λ̂
(
|λ|(2j + n), λ
)
ψ
(
|λ|(2j + n), λ
)
|λ|n dλ
= lim
N→∞
1
(2π)n+1
∫ N
−N
N∑
j=0
(
j + n− 1
j
)
〈Λ, Φˇ|λ|(2j+n),λ〉Hn ψ
(
|λ|(2j + n), λ
)
|λ|n dλ
= lim
N→∞
1
(2π)n+1
〈
Λ,
∫ N
−N
N∑
j=0
(
j + n− 1
j
)
Φˇ|λ|(2j+n),λ ψ
(
|λ|(2j + n), λ
)
|λ|n dλ
〉
Hn
.
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Since
lim
N→∞
1
(2π)n+1
∫ N
−N
N∑
j=0
Φˇ|λ|(2j+n),λ ψ
(
|λ|(2j + n), λ
)
|λ|n dλ = (G−1ψ|Σ)ˇ
uniformly on compacta and the same holds for all derivatives,
〈Λ̂µ, ψ〉R2 = 〈Λ, (G
−1ψ|Σ)ˇ〉Hn = 〈GΛ, ψ〉R2 . 
6. The operators M±
Denote by M± the operators acting on a smooth function ψ on R
2 by the rule [8]
M±ψ(ξ, λ) = ∂λψ(ξ, λ)∓ n∂ξψ(ξ, λ)− 2(nλ± ξ)
∫ 1
0
∂2ξψ(ξ ± 2λt, λ)(1− t) dt.
=
1
λ
(λ∂λ + ξ∂ξ)ψ(ξ, λ)−
nλ± ξ
2λ2
(
ψ(ξ ± 2λ, λ)− ψ(ξ, λ)
)
.
Since λ∂λ + ξ∂ξ is the derivative in the radial direction, the operators M± depend only on
the restriction to the Heisenberg fan.
The operators M± have the following relevant property. If f is radial and (1 + A)f is
integrable on Hn then (see [8])
(6.1) G(Af) = M+(Gf) and G(A¯f) = −M−(Gf).
One can verify that
〈M+(Gf)µ,Gh〉R2 = −〈(Gf)µ,M−(Gh)〉R2 ∀f, h ∈ Srad(Hn).
Hence by Theorem 4.1
(6.2)
∫
Σ
(M+ϕ)ψ dµ = −
∫
Σ
ϕ (M−ψ) dµ ∀ϕ, ψ ∈ S(R
2).
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According to (6.2), when U is in S ′0(Σ) we define the distribution M+U by
〈M+U, ψ〉R2 = −〈U,M−ψ〉R2 ∀ψ ∈ S(R
2)
and similarly we define M−U with M+ and M− interchanged.
Clearly if ψ|Σ = 0 then (M−ψ)|Σ = 0, so that M+U is in S
′
0(Σ).
Moreover it is easy to verify that (6.1) extends to distributions, i.e.
(6.3) G(AΛ) =M+(GΛ) and G(A¯Λ) = −M−(GΛ) ∀Λ ∈ S
′(Hn).
Finally, given a distribution in S ′0(Σ) of the form Fµ, where F is smooth and slowly growing
on R2, we note that for all ψ in S(R2),
〈M+(Fµ), ψ〉R2 = −〈Fµ,M−ψ〉R2
= −
∫
Σ
F M−ψ dµ
=
∫
Σ
M+F ψ dµ = 〈(M+F )µ, ψ〉R2,
therefore
(6.4) M+(Fµ) = (M+F )µ .
For later use, we prove the following estimate.
Lemma 6.1. Let a be a positive integer, then for every ψ in D(R2) with support in the set
{(ξ, λ) ∈ R2 : |ξ| ≤ ρ}
‖Ma±ψ‖L1(Σ) ≤ Ca (1 + ρ)
a+n+2
2a∑
s,r=0
‖∂sλ∂
r
ξψ‖L∞(R2).
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Proof. It is enough to prove the statement for M+, since M−ψˇ = − [M+ψ]ˇ , where ψˇ(ξ, λ) =
ψ(ξ,−λ). Let W denote the operator acting on a smooth function ψ on R2 by
Wψ(ξ, λ) = 2
∫ 1
0
∂2ξψ(ξ + 2λt, λ)(1− t) dt.
For every j ≥ 0 let ηj be the function and let Vj be the operator defined by
ηj(ξ, λ) = ξ + (2j + n)λ Vj = ∂λ − (2j + n)∂ξ.
With this notation M+ = V0 − η0W . Moreover, as proved in [6, Lemma 4.5], for every
positive integer a,
(6.5) Ma+ = V
a
0 +
a∑
k=1
η0 · · · ηk−1Dk,a,
where Dk,a is a polynomial in V0, . . . , Vk,W of degree a such that in each monomial the
operator W appears k times.
Let ψ be in D(R2) with support in the set {(ξ, λ) ∈ R2 : |ξ| ≤ ρ}. Then it is easy to see
that suppDk,aψ ⊆ {(ξ, λ) ∈ R
2 : |ξ| ≤ c ρ}, with c depending on a. Therefore, using (4.1),
‖Ma+ψ‖L1(Σ) ≤ ‖V
a
0 ψ‖L1(Σ) +
a∑
k=1
‖η0 · · · ηk−1Dk,aψ‖L1(Σ)
≤ Ca (1 + ρ)
a+n+2
( ∑
r+s≤a
‖∂sλ∂
r
ξψ‖L∞(R2) +
a∑
k=1
‖Dk,aψ‖L∞(R2)
)
.
We complete the proof by showing that
‖Dk,aψ‖L∞(R2) ≤ Ca
∑
s+r≤2a
‖∂sλ∂
r
ξψ‖L∞(R2) k = 1, 2, . . . , a,
by induction on a. Indeed, the case a = 1 is trivial since
‖Wψ‖L∞(R2) ≤ 2
∫ 1
0
‖∂2ξψ‖L∞(R2)(1− t) dt ≤ C ‖∂
2
ξψ‖L∞(R2).
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If a > 1 then either Dk,a = Dk−1,a−1W or Dk,a = Dk,a−1 Vj, for some j and k ≤ a− 1. The
second case is trivial. If Dk,a = Dk−1,a−1W , we note that by induction on s it is easy to
verify that
∂sλ∂
r
ξWψ = 2
s∑
k=0
(
s
k
)∫ 1
0
∂s−kλ ∂
r+2+k
ξ ψ(ξ + 2λt, λ) (2t)
k (1− t) dt.
Therefore
‖Dk−1,a−1Wψ‖L∞(R2) ≤ Ca
∑
s+r≤2a−2
‖∂sλ∂
r
ξWψ‖L∞(R2)
≤ Ca
∑
s+r≤2a−2
s∑
k=0
‖∂s−kλ ∂
r+2+k
ξ ψ‖L∞(R2)
≤ Ca
∑
s+r≤2a
‖∂sλ∂
r
ξψ‖L∞(R2). 
7. Real Paley–Wiener results for the spherical transform
Suppose that Λ is a radial tempered distribution on Hn. Motivated by [1], we define R(Λ)
in [0,∞] by
R(Λ) = max {|x| : x ∈ suppΛ}
and we call R(Λ) the radius of the support of the distribution Λ.
The purpose of this section is to prove real Paley–Wiener Theorems for the spherical
transform; we start with a characterization of compactly supported radial distributions and
then we specialize these results to square integrable radial functions and Schwartz radial
functions. When a distribution U on R2 is of the form U = FU µ with FU a (smooth)
function on R2, by abuse of notation we shall also denote by U the associated function FU .
Our first characterization reads as follows.
Theorem 7.1. Let Λ be in S ′rad(Hn). The following conditions are equivalent.
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(1) R(Λ) is finite;
(2) GΛ is the restriction to Σ of a smooth function on R2 and for every p in [1,∞] there
exists β > 0 such that
lim sup
j→∞
‖(1 + ξ)−βM j+GΛ‖
1/j
Lp(Σ) <∞;
(3) for every large j the distribution M j+GΛ is the restriction to Σ of a smooth function
on R2 and there exist β > 0 and p in [1,∞] such that
lim inf
j→∞
‖(1 + ξ)−βM j+GΛ‖
1/j
Lp(Σ) <∞.
Moreover, if any of these conditions is satisfied, then for every p in [1,∞] there exists β > 0
such that
(7.1) lim
j→∞
‖(1 + ξ)−βM j+GΛ‖
1/j
Lp(Σ) = R(Λ)
2.
Since M−ψ = −
[
M+ψˇ
]
ˇ, where ψˇ(ξ, λ) = ψ(ξ,−λ), we have also a corresponding ana-
logue with M− in place of M+.
The proof of Theorem 7.1 is given after some preliminary results, the first of which is the
following technical lemma.
Lemma 7.2. Let R > 0 and j be a positive integer. Suppose that f is a smooth function on
Hn with compact support in the set {x ∈ Hn : |x| > R} and let fj = A¯
−j f .
Then for every N in N
‖(1 + ξ)N Gfj‖L∞(Σ) ≤ CN j
2N R−2j max
h≤N
∑
k+deg J=2h
‖A¯−kDJf‖L1(Hn)
Proof. Note that since f is supported away from the origin, the function fj = A¯
−j f is again
smooth and compactly supported. Moreover,
‖(1 + ξ)N Gfj‖L∞(Σ) = ‖G
(
(I + L)Nfj
)
‖L∞(Σ)
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≤ ‖(I + L)Nfj‖L1(Hn).
Clearly (I + L)Nfj =
∑(M
h
)
Lhfj and by the Leibniz rule
‖(I + L)Nfj‖L1(Hn) ≤ CN max
h≤N
‖Lhfj‖L1(Hn)
≤ CN max
h≤N
∑
deg I+deg J=2h
‖(DIA¯−j) (DJf)‖L1(Hn)
≤ CN max
h≤N
∑
deg I+deg J=2h
j|I|‖(A¯−j−deg I) (DJf)‖L1(Hn)
≤ CN j
2N R−2j max
h≤N
∑
deg I+deg J=2h
‖A¯−deg I DJf‖L1(Hn). 
Now we note that the spherical transform of radial compactly supported distributions
satisfies a pointwise estimate on the Heisenberg fan Σ.
Proposition 7.3. Let Λ be a radial compactly supported distribution of order N on Hn.
Then for every R > R(Λ) there exists a constant C = CR > 0 such that for every j in N
(7.2) |M j+Λ̂(ξ, λ)| ≤ C R
2j (1 + ξ)N/2 ∀(ξ, λ) ∈ Σ.
Proof. We have already proved in Proposition 5.2 that GΛ = Λ̂µ and that Λ̂ extends to an
entire function, so Λ̂ is in C∞(Σ). Moreover by equations (6.3) and (6.4)
(M j+Λ̂)µ =M
j
+(Λ̂µ) = M
j
+GΛ = G(A
jΛ) = ÂjΛµ,
therefore M j+Λ̂ = Â
jΛ.
Let R > R(Λ) and choose R1 such that R > R1 > R(Λ). Suppose that g is a radial test
function on Hn such that g(x) = 1 when x is in the support of Λ and g(x) = 0 if |x| > R1.
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Then for all (ξ, λ) in Σ∗,
|M j+Λ̂(ξ, λ)| = |Â
jΛ(ξ, λ)| = |ĝAjΛ(ξ, λ)|
= |〈gAjΛ, Φˇξ,λ〉Hn |
= |〈Λ, gAjΦξ,−λ〉Hn |
≤ C
∑
deg I≤N
‖DI(gAjΦξ,−λ)‖L∞(Hn).
We conclude by the Leibniz rule and Lemma 3.2 that
|M j+Λ̂(ξ, λ)| ≤ C (1 + j)
N R2j1 (1 + ξ)
N/2 ∀(ξ, λ) ∈ Σ∗,
which, since R > R1 and by the smoothness of Λ̂, implies (7.2). 
Conversely, it is easy to deduce that a radial tempered distribution is compactly supported
when a certain limit is finite.
Proposition 7.4. Let Λ be in S ′rad(Hn). Suppose that there exists J in N such that for every
j ≥ J the distribution M j+GΛ is of the form Gj µ, where Gj is a locally integrable function
with respect to µ. Then for every N in N and every p in [1,∞]
lim inf
j→∞
‖ (1 + ξ)−N Gj ‖
1/j
Lp(Σ) ≥ R(Λ)
2.
Proof. Suppose that R(Λ) > 0 and let 0 < ε < R(Λ)/2. Then we may find a smooth function
f with compact support in the set
{x ∈ Hn : R(Λ)− ε < |x| < R(Λ) + ε}
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such that 〈Λ, fˇ〉Hn 6= 0. As in the previous lemma, the function f is supported away from
the origin and we let fj = A¯
−j f . By (5.1) and (6.3)
|〈Λ, fˇ〉Hn | = |〈Λ,A
jA−j fˇ〉Hn | = |〈Λ,A
j fˇj〉Hn|
= |〈Aj Λ, fˇj〉Hn| = |〈G(A
j Λ),Gfj〉R2 |
= |〈M j+GΛ,Gfj〉R2| = |〈Gj µ,Gfj〉R2|
≤ ‖(1 + ξ)−N Gj‖Lp(Σ) ‖(1 + ξ)
N Gfj‖Lp′(Σ).
In the case where ‖(1 + ξ)−N Gj‖Lp(Σ) = ∞ for all j, there is nothing to prove. Otherwise,
since |〈Λ, fˇ〉Hn| 6= 0,
lim inf
j→∞
‖(1+ξ)−N Gj‖
1/j
Lp(Σ) ≥ lim infj→∞
(
|〈Λ, fˇ〉Hn |
‖(1 + ξ)N Gfj‖Lp′(Σ)
)1/j
= lim inf
j→∞
‖(1+ξ)N Gfj‖
−1/j
Lp′(Σ)
.
Since there exists M in N such that ξ 7→ (1+ ξ)N−M is in Lp
′
(Σ), by Lemma 7.2 we conclude
that
‖(1 + ξ)N Gfj‖Lp′(Σ) ≤ ‖(1 + ξ)
N−M‖Lp′ (Σ) ‖(1 + ξ)
M Gfj‖L∞(Σ)
≤ C j2M (R(Λ)− ε)−2j ,
and the thesis follows easily.
When R(Λ) =∞ we use the same arguments to show that lim inf
j→∞
‖(1 + ξ)−N Gj‖
1/j
Lp(Σ) ≥ R
for every R > 0. 
Putting together Proposition 7.3 and Proposition 7.4, we obtain the following criterion, by
which we can measure the size of the support of a radial compactly supported distribution.
Corollary 7.5. Let Λ be a radial compactly supported distribution of order N . Then
lim
j→∞
‖(1 + ξ)−N/2M j+Λ̂‖
1/j
L∞(Σ) = R(Λ)
2.
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Proof. From the pointwise estimate (7.2), we deduce that for every R > R(Λ)
lim sup
j→∞
‖(1 + ξ)−N/2M j+Λ̂‖
1/j
L∞(Σ) ≤ R
2,
therefore lim sup
j→∞
‖(1 + ξ)−N/2M j+Λ̂‖
1/j
L∞(Σ) ≤ R(Λ)
2. The thesis follows by Proposition 7.4.

Proof of Theorem 7.1. If Λ is compactly supported and of order N then by Proposition 5.2 it
coincides with a smooth slowly growing function G on R2. If β > 0 is such that (1+ ξ)N/2−β
is in Lp(Σ), we have
(7.3) ‖(1 + ξ)−βM j+G‖Lp(Σ) ≤ ‖(1 + ξ)
N/2−β‖Lp(Σ)‖(1 + ξ)
−N/2M j+G‖L∞(Σ).
Hence by Corollary 7.5 we have that (1) ⇒ (2). The implication (2) ⇒ (3) is trivial and
the implication (3) ⇒ (1) is a consequence of Proposition 7.4. Finally (7.1) follows by (7.3),
Proposition 7.4 and Corollary 7.5. 
7.1. Square-integrable functions.
Theorem 7.6. Suppose that for every j ≥ 0 the function M j+ψ is in L
2(Σ). Then the
function f such that Gf = ψ is in L2(Hn)and
lim
j→∞
‖M j+ψ ‖
1/j
L2(Σ) = R(f)
2.
Proof. By Proposition 7.4 it is enough to check that lim supj→∞ ‖M
j
+ψ‖
1/j
L2(Σ) ≤ R(f)
2, and
this is easily established by using the Plancherel formula. Indeed, when R(f) is finite,
‖M j+ψ ‖L2(Σ) = ‖A
j f‖L2(Hn) ≤ R(f)
2j ‖f‖L2(Hn). 
Corollary 7.7. Let R ≥ 0. Then G is a bijection from the space L2rad,R(Hn) of square
integrable radial functions f such that R(f) ≤ R onto {ψ ∈ L2(Σ) : limj→∞ ‖ M
j
+ψ ‖
1/j
L2(Σ) ≤
R2} .
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7.2. Schwartz functions. The purpose of this subsection is to prove the following charac-
terization.
Theorem 7.8. Let f be in Srad(Hn). The following conditions are equivalent.
(1) R(f) is finite;
(2) for every h ≥ 0 and every p in [1,∞], lim supj→∞ ‖ ξ
hM j+Gf ‖
1/j
Lp(Σ) is finite;
(3) there exists p in [1,∞] such that lim infj→∞ ‖M
j
+Gf ‖
1/j
Lp(Σ) is finite.
Moreover, if any of these conditions is satisfied, then for every h ≥ 0 and every p in [1,∞],
lim
j→∞
‖ (1 + ξ)hM j+Gf ‖
1/j
Lp(Σ) = R(f)
2.
Note that the implication (2) ⇒ (3) is trivial, and that (3) ⇒ (1) follows from Proposi-
tion 7.4. In the next proposition we prove the implication (1)⇒ (2).
Proposition 7.9. Suppose that f is a radial Schwartz function on Hn. Then for every h ≥ 0
and every p in [1,∞]
lim sup
j→∞
‖ (1 + ξ)hM j+Gf ‖
1/j
Lp(Σ) ≤ R(f)
2.
Proof. If R(f) = ∞ there is nothing to prove. If R(f) = 0, then f = 0 and the conclusion
is again trivial. We therefore suppose that R(f) is positive. Note that
ξhM j+Gf(λ, ξ) = G
(
LhAjf
)
and when j ≥ 2h, by the Leibniz rule
|LhAj f | =
∣∣∣∣∣ ∑
deg I+deg J=2h
ch,I,J (D
IAj) (DJf)
∣∣∣∣∣
≤
∑
deg I+deg J=2h
|ch,I,J | j
|I| |Aj−deg I | |DJf |.
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Therefore
‖ ξhM j+Gf ‖L∞(Σ) ≤ ‖L
hAj f‖L1(Hn)
≤ Ch j
2h
∑
q≤2h
max
deg J=2h−q
‖Aj−qDJf‖L1(Hn)
≤ Ch j
2h
∑
q≤2h
R(f)2j−2q max
deg J=2h−q
‖DJf‖L1(Hn)
= Cf,h j
2hR(f)2j.
We note that for a sufficiently big integer M the function (λ, ξ) 7→ (1 + ξ)−M is in Lp(Σ),
so that
‖ (1 + ξ)hM j+Gf ‖Lp(Σ) ≤ C ‖(1 + ξ)
M+hM j+Gf ‖L∞(Σ)
≤ Cf,M,h
(
1 + j2M+2h
)
R(f)2j ,
and taking the j-th root, the desired inequality follows. 
Corollary 7.10. Suppose that f is a radial Schwartz function on Hn and let 1 ≤ p ≤ ∞.
Then for every h in N
lim
j→∞
‖ (1 + ξ)hM j+Gf ‖
1/j
Lp(Σ) = R(f)
2.
Proof. Since ‖(1 + ξ)hM j+Gf‖Lp(Σ) ≥ ‖M
j
+Gf ‖Lp(Σ), by Proposition 7.4 we obtain
lim inf
j→∞
‖ (1 + ξ)hM j+Gf ‖
1/j
Lp(Σ) ≥ lim infj→∞
‖M j+Gf ‖
1/j
Lp(Σ) ≥ R(f)
2.
The thesis follows from Proposition 7.9. 
28 F. ASTENGO, B. DI BLASIO, F. RICCI
8. Paley–Wiener theorems for the inverse spherical transform
In this section we describe the inverse spherical transform of compactly supported distri-
butions in S ′0(Σ).
Given a compactly supported distribution in S ′(R2), we define the function fU on the
Heisenberg group by
fU(z, t) = 〈U,Φ(·)(z, t)〉R2 ∀(z, t) ∈ Hn.
An easy consequence of Lemma 3.1 is the following.
Lemma 8.1. Let U be a compactly supported distribution in S ′(R2). Then the function
(x, y, t) 7→ fU(x+ iy, t) = 〈U,Φ(·)(x+ iy, t)〉R2
extends to a holomorphic function on C2n+1.
If U is in S ′(R2), define
ρ(U) = max {|ξ| : (ξ, λ) ∈ suppU} ,
so that a distribution U in S ′0(Σ) is compactly supported if and only if ρ(U) is finite.
In the next proposition we prove that if U is a compactly supported distribution in S ′0(Σ)
then the function fU is a slowly growing function on Hn and it coincides with the inverse
spherical transform of U .
Proposition 8.2. Let U be a compactly supported distribution in S ′0(Σ) and let, as before,
fU(z, t) = 〈U,Φ(·)(z, t)〉R2 ∀(z, t) ∈ Hn.
PALEY–WIENER THEOREMS ON THE HEISENBERG GROUP 29
Then U = G(fU m) and fU is a slowly growing function onHn together with all its derivatives.
Moreover, for every ρ > ρ(U) there exist C = Cρ and M such that for all j ≥ 0
(8.1)
∣∣LjfU(z, t)∣∣ ≤ C (1 + j)k ρj (1 + |(z, t)|)M ∀(z, t) ∈ Hn,
where k is the order of U .
Remark 8.3. Observe that if U is a distribution in S ′(R2) with compact support in Σ, then
the function fU may not be slowly growing. Indeed let U = ∂ξδ(n,1) where δ(n,1) is the Dirac
measure at the point (n, 1) in Σ. Then, reasoning as in Lemma 3.1, when (z, t) is in Hn
fU(z, t) = −∂ξΦξ,λ |(n,1)(z, t) =
eit e−|z|
2/4
2
∞∑
k=1
(|z|2/2)k
k (n)k
.
Since k < k + n and (n)k ≤ (n + k − 1)! we obtain when |z| is large
|fU(z, t)| >
e−|z|
2/4
2
∞∑
k=1
(|z|2/2)k
(n + k)!
∼
e|z|
2/4
2(|z|2/2)n
.
This is due, much as in Subsection 4.2, to the fact that the holomorphic extension of spherical
functions does not satisfy good estimates away from the Heisenberg fan. The main point
in the proof of Proposition 8.2 is that, according to formula (8.2), if U is in S ′0(Σ) one is
allowed to choose a different extension.
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Proof. By Theorem 5.1 there exists Λ in S ′rad(Hn) such that GΛ = U . Let g be in D(Hn),
then
〈fU , g〉Hn =
∫
Hn
fU(z, t) g(z, t) dz dt
=
∫
Hn
〈U,Φ(·)(z, t)〉R2 g(z, t) dz dt
=
〈
U,
∫
Hn
Φ(·)(z, t) g(z, t) dz dt
〉
R2
= 〈U,Ggˇ〉R2
= 〈Λ, g〉Hn .
Hence the distribution Λ coincides with the function fU , which is smooth.
We first prove the estimate (8.1). Fix (z, t) in Hn. Let k be the order of U , let ρ > ρ(U)
and denote by Bρ the ball of radius ρ in R
2. Then for every j ≥ 0
∣∣LjfU(z, t)∣∣ = ∣∣〈U, LjΦ(·)(z, t)〉R2∣∣ = ∣∣〈U, ξjΦ(·)(z, t)〉R2∣∣
≤ C inf
{
‖ξjϕz,t‖Ck(Bρ) : ϕ
z,t ∈ Ck(R2), ϕz,t|Σ∩Bρ = Φ(·)(z, t)
}
(8.2)
≤ Cρ (1 + j)
k ρj inf
{
‖ϕz,t‖Ck(Bρ) : ϕ
z,t ∈ Ck(R2), ϕz,t|Σ∩Bρ = Φ(·)(z, t)
}
In order to obtain the desired estimate we shall choose a suitable extension ϕz,t of Φ(·)(z, t).
Let ψ be a smooth function on R2 with compact support such that ψ|Bρ = 1. By Theo-
rem 4.1 there exists u in Srad(Hn) such that Gu = ψ|Σ. If ν(z,t) denotes the measure defined
by ∫
Hn
g(w, s) dν(z,t)(w, s) =
∫
U(n)
g(kz, t) dk ∀g ∈ Cc(Hn),
then for every (ξ, λ) in Bρ ∩ Σ
Φξ,λ(z, t) = Gνˇ(z,t)(ξ, λ) = Gνˇ(z,t)(ξ, λ)ψ(ξ, λ) = G
(
νˇ(z,t) ∗ u
)
(ξ, λ).
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Since νˇ(z,t) ∗u belongs to Srad(Hn), then by Theorem 4.1 there exist ϕ
z,t in S(R2) and M ≥ 0
such that
ϕz,t(ξ, λ) = G
(
νˇ(z,t) ∗ u
)
(ξ, λ) ∀(ξ, λ) ∈ Σ
and
‖ϕz,t‖Ck(Bρ) ≤ C ‖νˇ(z,t) ∗ u‖(M).
Moreover
ϕz,t(ξ, λ) = Φ(ξ,λ)(z, t) ∀(ξ, λ) ∈ Bρ ∩ Σ.
If τ(w,s)u(w
′, s′) = u
(
(w, s)−1(w′, s′)
)
denotes the left translation, then
‖ϕz,t‖Ck(Bρ) ≤ C ‖ν(z,t) ∗ u‖(M)
= C
∥∥∥∥∫
Hn
τ(w,s)u dν(z,t)(w, s)
∥∥∥∥
(M)
≤ C
∫
Hn
‖τ(w,s)u‖(M) dν(z,t)(w, s)
≤ C
∫
Hn
(1 + |w|4 + s2)M/4 dν(z,t)(w, s)
= C
(
1 + |(z, t)|
)M
.
Therefore there exists M such that for all j ≥ 0
∣∣LjfU(z, t)∣∣ ≤ C (1 + j)k ρj (1 + |(z, t)|)M ∀(z, t) ∈ Hn.
The proof above can be adapted to prove that for every differential operator DI of the
form (2.1) there exists M > 0 such that
|DIfU(z, t)| ≤ C (1 + |(z, t)|)
M ∀(z, t) ∈ Hn.
Indeed, note that
DIfU(z, t) = 〈U,D
IΦ(·)(z, t)〉R2 ,
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therefore
|DIfU(z, t)| ≤ C inf
{
‖ϕz,t,I‖Ck(Bρ) : ϕ
z,t,I ∈ Ck(R2) ϕz,t,I |Σ∩Bρ = D
IΦ(·)(z, t)
}
.
Fix (z, t) in Hn and consider the distribution D
I
(z,t)ν(z,t) defined by the rule
〈DI(z,t)ν(z,t), ϕ〉Hn = D
I
(∫
K
ϕ(kz, t) dk
)
Then DI(z,t)ν(z,t) is a radial distribution supported in the orbit of (z, t), hence it has compact
support. So, for ψ and u as above, DI(z,t)νˇ(z,t) ∗ u is in Srad(Hn) and by [4, Proposition 3.2]
there exists ϕz,t,I in Ck(R2) and M such that
ϕz,t,I|Σ = G(D
I
(z,t)νˇ(z,t) ∗ u) ‖ϕ
z,t,I‖Ck(Bρ) ≤ C ‖D
I
(z,t)νˇ(z,t) ∗ u‖(M)
Since Gu|Σ∩Bρ = ψ|Σ∩Bρ = 1,
ϕz,t,I(ξ, λ) = G(DI(z,t)νˇ(z,t) ∗ u)(ξ, λ) = G(D
I
(z,t)νˇ(z,t))(ξ, λ) ∀(ξ, λ) ∈ Σ ∩ Bρ,
and by Proposition 5.2
G(DI(z,t)νˇ(z,t))(ξ, λ) = 〈D
I
(z,t)νˇ(z,t), Φˇξ,λ〉R2 = D
I
(
(w, s) 7→
∫
K
Φξ,λ(kw, s) dk
)
(z, t)
= DIΦξ,λ(z, t).
Finally, reasoning as before,
‖ϕz,t,I‖Ck(Bρ) ≤ C ‖D
I
(z,t)νˇ(z,t) ∗ u‖(M) ≤ C
(
1 + |(z, t)|
)M
∀(z, t) ∈ Hn. 
Our characterization of the inverse spherical transform of compactly supported distribu-
tions is the following.
Theorem 8.4. Let U be in S ′0(Σ). The following conditions are equivalent.
(1) ρ(U) is finite;
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(2) G−1U coincides with a smooth slowly growing function function on Hn and for every
p in [1,∞] there exists β > 0 such that
lim sup
j→∞
‖ (1 +A)−β LjG−1U ‖
1/j
Lp(Hn)
<∞;
(3) for every large j the distribution LjG−1U coincides with a measurable function on Hn
and there exist β > 0 and p in [1,∞] such that
lim inf
j→∞
‖ (1 +A)−β LjG−1U ‖
1/j
Lp(Hn)
<∞.
Moreover, if any of these conditions is satisfied, then G−1U is a smooth slowly growing
function on Hn and for every p in [1,∞] there exists β > 0 such that
(8.3) lim
j→∞
‖ (1 +A)−β LjG−1U ‖
1/j
Lp(Hn)
= ρ(U).
As in the previous section, we split the proof of our characterization into several parts.
Proposition 8.5. Let U be in S ′0(Σ). Suppose that there exists J in N such that for every
j ≥ J the distribution LjG−1U is of the form fj m, where fj is a locally integrable function
on Hn. Then for every N in N and every p in [1,∞]
lim inf
j→∞
‖ (1 +A)−N fj ‖
1/j
Lp(Hn)
≥ ρ(U).
Proof. For the reader’s convenience we write the proof although it follows the lines of that of
Proposition 7.4. We may suppose that ρ(U) is positive, because in the case where ρ(U) = 0,
there is nothing to prove.
Let ‖ (1 + A)−N fj ‖Lp(Hn) < ∞. Suppose that 0 < ε < ρ(U)/2 and let ψ be smooth
function on R2 with compact support in the set
{(ξ, λ) ∈ R2 : ρ(U)− ε < ξ < ρ(U) + ε}
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such that 〈U, ψ〉R2 6= 0. For every nonnegative integer j, define a smooth function on R
2
with compact support by ψj(ξ, λ) = ξ
−j ψ(ξ, λ) for every (ξ, λ) in R2. Then for 1 ≤ p ≤ ∞,
|〈U, ψ〉R2| = |〈ξ
j U, ψj〉R2| = |〈L
jG−1U, (G−1ψj |Σ)ˇ〉Hn|
≤ ‖(1 +A)−Nfj‖Lp(Hn) ‖(1 +A)
NG−1ψj |Σ‖Lp
′(Hn)
Let a be a positive integer such that ‖(1 +A)N−a‖Lp′(Hn) <∞, then by Lemma 6.1
‖(1 +A)N G−1ψj |Σ‖Lp′(Hn) ≤ ‖(1 +A)
N−a‖Lp′ (Hn)‖(1 +M+)
a ψj‖L1(Σ)
≤ Ca
(
ρ(U) + ε
)a 2a∑
s,r=1
‖∂sλ∂
r
ξψj‖L∞(R2)
≤ Ca
(
ρ(U) + ε
)a
j2a
(
ρ(U)− ε
)−j
.
Therefore
‖(1 +A)−N fj‖Lp(Hn) ≥ |〈U, ψ〉R2|Ca,ε j
−2a
(
ρ(U)− ε
)j
and the thesis follows. Similar considerations can be used in the case where ρ(U) =∞. 
Proposition 8.6. Let U be in S ′0(Σ) with ρ(U) <∞. Then G
−1U coincides with a smooth
slowly growing function f on Hn and for every p in [1,∞] there exists h > 0 such that
lim sup
j→∞
‖ (1 +A)−h Ljf ‖
1/j
Lp(Hn)
≤ ρ(U).
Proof. Since ρ(U) < ∞, the distribution U is compactly supported and therefore G−1U
coincides with the smooth function fU on Hn by Lemma 8.1 and fU is slowly growing by
Proposition 8.2. Moreover, the estimate (8.1) holds: if ρ > ρ(U) and k is the degree of U ,
there exists M such that for all j ≥ 0
∣∣Ljf(z, t)∣∣ ≤ C (1 + j)k ρj (1 + |(z, t)|)M .
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Let p in [1,∞] be fixed and choose h such that (1 +A)−h+M/2 is in Lp(Hn). Then for every
ρ > ρ(U)
‖ (1 +A)−h Ljf ‖Lp(Hn) ≤ ‖ (1 +A)
−h+M/2 ‖Lp(Hn) ‖ (1 +A)
−M/2Ljf ‖L∞(Hn)
≤ C (1 + j)k ρj
so that lim supj→∞ ‖ (1 +A)
−hLjf ‖
1/j
Lp(Hn)
≤ ρ, for every ρ > ρ(U). 
8.1. Square-integrable functions and Schwartz functions. Reasoning as in the proof
of Theorem 7.6 and Corollary 7.7 it easy to prove the following characterization for square-
integrable functions.
Theorem 8.7. Let ρ ≥ 0. Then G is a bijection from the space
{f ∈ L2rad(Hn) : lim
j→∞
‖ Ljf ‖
1/j
L2(Hn)
≤ ρ}
onto the space
{F ∈ L2(Σ) : ρ(F ) ≤ ρ} .
In the case of Schwartz functions, we obtain the following results. For F in S(Σ) we denote
ρ(F ) = ρ(Fµ), so that
ρ(F ) = sup{ξ : F (ξ, λ) 6= 0 and (ξ, λ) ∈ Σ}.
Proposition 8.8. Let 1 ≤ p ≤ ∞ and let F be in S(Σ). Then for every h ≥ 0,
lim
j→∞
‖ (1 +A)h LjG−1F ‖
1/j
Lp(Hn)
= ρ(F ).
Proof. Suppose 0 < ρ(F ) < ∞. If γ > 0 is big enough so that (1 +A)−γ is in Lp(Hn) by
Lemma 6.1 we obtain
‖ (1 +A)h LjG−1F ‖Lp(Hn) ≤ ‖ (1 +A)
−γ ‖Lp(Hn)‖ (1 +A)
h+γ LjG−1F ‖L∞(Hn)
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≤ C ‖ (1 +M+)
h+γ (ξj F )‖L1(Σ)
≤ C j2h+2γ (ρ(F ))j .
Hence
lim sup
j→∞
‖ (1 +A)h LjG−1F ‖
1/j
Lp(Hn)
≤ ρ(F ).
and the thesis follows from Propostition 8.5. The cases ρ(F ) = 0,∞ are trivial. 
Theorem 8.9. Let F be in S(Σ). The following conditions are equivalent.
(1) ρ(F ) is finite;
(2) for every h ≥ 0 and every p in [1,∞], lim supj→∞ ‖A
h LjG−1F ‖
1/j
Lp(Hn)
is finite;
(3) there exists p in [1,∞] such that lim infj→∞ ‖L
jG−1F ‖
1/j
Lp(Hn)
is finite.
Moreover, if any of these conditions is satisfied, then for every h ≥ 0 and every p in [1,∞],
lim
j→∞
‖ (1 +A)h LjG−1F ‖
1/j
Lp(Hn)
= ρ(F ).
Proof. The implication (1) ⇒ (2) follows by Propostion 8.8. The implication (2) ⇒ (3) is
trivial. The implication (3)⇒ (1) follows by Propostion 8.5. 
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